R/98/10 
February, 1998 



The Moduli Spaces of Worldvolume Brane Solitons 



J. GUTOWSKI AND G. PAPADOPOULOS 

DAMTP, 
Silver Street, 
University of Cambridge, 
Cambridge CBS 9EW 



ABSTRACT 

We compute the moduli metrics of worldvolume 0-brane solitons of D-branes 
and the worldvolume self-dual string solitons of the M-5-brane and examine their 
geometry. We find that the moduli spaces of 0-brane solitons of D-4-branes and D- 
8-branes are hyper-Kahler manifolds with torsion and octonionic Kahler manifolds 
with torsion, respectively. The moduli space of the self-dual string soliton of the 
M-5-brane is also a hyper-Kahler manifold with torsion. 



1. Introduction 



In the last few years much progress has been done to understand the various 
properties of branes. It is remarkable that branes can intersect or end on other 
branes preserving a proportion of the bulk supersymmetry [1, 2, 3]. From the 
perspective of a brane, these intersections and boundaries manifest themselves as 
classical supersymmetric solutions of the associated worldvolume effective theory. 
Many such solutions have been found in [4, 5]; they are commonly called worldvol- 
ume brane solitons and we shall use this convention*. The worldvolume solitons 
preserve the same proportion of supersymmetry as the associated bulk configu- 
rations and saturate a BPS bound [6]. Fundamental strings end on D-branes. 
This leads to the presence of worldvolume 0-brane solitons on all D-branes. These 
have been found by G.W. Gibbons [5] as classical solutions of the Born-Infeld (BI) 
action. The 0-brane soliton of a D-p-brane is 



where Y is a transverse scalar of the D-p-brane, F2 is the two-form BI field 
strength^ and 



is a harmonic function of the D-p-brane worldvolume coordinates {x a ; a = 1, . . . , p} 
transverse to the 0-brane, i.e. {x a ; a = 1, . . . ,p} are the spatial worldvolume coor- 
dinates of the D-p-brane. The centres {m; % — 1, . . . , k} of the harmonic function 
are the positions of the 0-branes. This solution preserves 1/4 of the supersymme- 
try of the bulk. The moduli space M p k of /c-indistinguishable 0-brane solitons of a 
D-p-brane is the configuration space Cfc(E p ) of k particles propagating in E p . 

* We remark though that some of worldvolume brane solitons are singular and do not inter- 
polate between different vacua of the effective theory, 
t Our conventions for a p-form u arc u = ■i,w il ... ip dx Jl A ... A dx tp . 
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F 2 = dtAdH, 
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In this letter we shall present the moduli metric of the 0-brane solitons of D- 
branes. We shall find that the moduli space geometry of the 0-branes is similar to 
that of the a 2 = 1 black- holes of [7, 8]. In particular, the moduli spaces of the 0- 
branes of a D-4-brane and of a D-8-brane are hyper-Kahler manifolds with torsion 
(HKT) and octonionic-Kahler manifolds with torsion (OKT), respectively. The 
effective theories of the 0-brane solitons are one-dimensional sigma models with 
eight supersymmetries [9]. The sigma model associated with the HKT geometry 
is the reduction of the two-dimensional (4,4)-supersymmetric one [10, 11] to one- 
dimension. The OKT geometry is particular to the target spaces of one-dimensional 
sigma models with eight supersymmetries. Then we shall describe the moduli 
spaces of other worldvolume solitons. In particular we shall find that the moduli 
space of the self-dual string of the M-5-brane is an HKT manifold. The associated 
effective theory is a two-dimensional (4,4)-supersymmetric sigma model with Wess- 
Zumino term. 

This letter is organized as follows: In section two, we give the moduli metrics 
of the worldvolume 0-brane solitons of D-branes. In section three, we describe the 
effective actions of these solitons. In section four, we find the moduli metric of the 
self-dual string soliton of the M-5-brane, and in section five we give our conclusions. 

2. The moduli metric of 0-branes 

The moduli metric of 0-brane solitons of a D-p-brane is determined in a similar 
way to that of the the moduli metric of BPS monopoles [12] and solitonic black 
holes [13-18]. The 0-branes are solutions of the classical field equations of the BI 
actions which are the effective theories of D-branes. Therefore, the moduli metrics 
of the 0-branes are determined by the BI actions in the slow motion limit. However, 
it suffices to consider the part of the BI action which is quadratic in the fields. We 
have also done the calculation of the moduli metrics using the full BI action and 
have obtained the same results"''. Let Fi be the BI two-form field strength and 

\ The details of this computation will be given elsewhere. 
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{Y l \ % — 1, . . . , 9 — p} be the transverse scalars of a D-p-brane in the static gauge. 
Expanding the BI action, the term quadratic in the fields is 



S bi = IJ dP +1 x(5 ljV ^d^d^ + l -F^) . (2.1) 

The 0-branes, and the other worldvolume solitons that we shall investigate later, 
have one non-vanishing transverse scalar Y. It turns out that for the computation 
of the moduli metric, we can set Y = Y 1 and allow the rest of the transverse scalars 
{Y % \ % — 2, . . . , 9 — p) to vanish. The resulting action is 

S ° = \ J dP+lx (^^Yd,Y + \F^ V ) . (2.2) 

We remark that the 0-brane solution solves the field equations of (2.2). In addition 
the action (2.2) vanishes when it is evaluated at the 0-brane configuration. 

To compute the moduli metric, we allow the positions {yf, % — 1, . . . k} of the 
0-brane solution to depend on the worldvolume time coordinate t = x° of the 
D-p-brane. Then we use the ansatz for the BI field 

A^dx^ = -Hdt + B a dx a (2.3) 

and solve the field equations up to linear terms in the velocities, where {/i, v = 
0, . . . ,p} and {a, b = 1, . . . ,p}. The solution for B is 

k 

dB = -J2Sa b y*dx b AdH {l) , (2.4) 
i=i 

where y\ = ^yf and 

%) = • < 2 - 5 > 

To proceed, we add sources to the action (2.2) for both the BI field and scalar field 
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Y. These are 



Ssourc = (2 - p)Vol(5P" 1 ) / dt + Mm^-) , (2-6) 

i=l J 

where {s^; 2 = 1,..., A;} are the proper times of the 0-branes and Vol(S' p_1 ) is the 
volume of (p-l)-sphere of unit radius. The total action is 

S — Sq + S sourc . (2-7) 

Substituting Y = Y(\x — Ui{t)\) and (2.3) into this action using (2.4), we find that 

S = P —^VoKS^) I dt[J2M 2 + j:m ^~J^ 2 ] , (2.8) 



i=l i<j 

where vf = y", i.e V{ is the velocity of the i-th 0-brane; all the norms are taken 
with respect to the p-dimensional Euclidean metric. So the moduli metric is 

^ 2 = E/^w 2 + E^ | dyi "t-2 • ( 2 - 9 ) 



The metric is Galilean invariant and it is the sum of two parts. The first part of 
the metric is due to the center of mass motion of the 0-brane solitons and the rest 
of the metric is due to the relative motion. The center of mass motion decouples 
from the rest. The interactions of the 0-branes are two body interactions. 

The metric of the moduli space of the 0-brane solitons of a D-p-brane is the 
same as the metric of the moduli space of a 2 = 1 (p+l)-dimensional solitonic black 
holes found in [7]. In the string or M-theory picture, the worldvolume 0-branes 
and the solitonic a 2 = 1 black holes have common origin. Both are due to the bulk 
ten-dimensional configuration of a fundamental string ending on the D-p-brane (up 
possibly to a U-duality transformation). The black holes are found by reducing the 
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associated supergravity solutions to an appropriate dimension along the relative 
transverse directions of the configuration. While the 0-branes are the boundaries 
of the fundamental strings ending on the D-p-brane viewed from the perspective 
of the worldvolume theory of the D-p-brane. Despite this, the moduli space of 0- 
branes and the moduli space of black holes describe different motions. The moduli 
space derived from the BI action describes the motion of the 0-branes along the 
D-p-brane and the moduli space of the black holes describes the motion of black 
holes along the overall transverse directions of the bulk configuration. 

3. Supersymmetry and effective actions 

The 0-brane solitons preserve 1/4 of the supersymmetry of the bulk. Therefore 
it is expected that their effective theories are described by supersymmetric non- 
relativistic particle actions with eight supercharges. These are supersymmetric 
sigma models and have been investigated in [9]. 

An investigation of the supersymmetry projections of a fundamental string 
ending on the D-4-brane reveals that the effective theory of the 0-branes has (4,4) 
supersymmetry from the string perspective. The moduli metric of the 0-brane 
solitons of the D-4-brane is 



2 \ — v it 1 9 \ — ^ I dy% — dyj I ^ . . 

ds = } jii\dyi\ + } Uiiij- f=- . (3.1) 

U \vi-yj\ 2 

It has been shown in [8] that this metric admits two hyper-Kahler with torsion 
(HKT) structures. The complex structures for the first HKT structure are 

l r = I r ®l k (3.2) 

where {I r ;r = 1,2,3} are the constant complex structures on E 4 associated with 
the self-dual 2-forms and 1& is the identity k x k matrix. The complex structures 
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of the other HKT structure are 



J rp 



J r <8> lfc 



(3.3) 



where {J r ',r = 1,2,3} are the constant complex structures on E associated with 
the ant i- self- dual 2-forms on E 4 . 

The reduction of the (4,4)-supersymmetric two-dimensional sigma model action 
to one dimension leads to an action for the N=8a supersymmetry multiplet (in the 
notation of [8]). Given the moduli metric (3.1) and the complex structures (3.2) 
and (3.3), the rest of the effective action of the N=8a multiplet is determined. The 
complex structures I r , J r can be constructed from the killing spinors, as done in 
the case of the heterotic 5-brane where a similar geometry arises [19], and then 
induced on the moduli space Mk as in (3.2) and (3.3) above. This is similar to 
the way that the complex structures on the moduli spaces of BPS monopoles and 
instantons are induced from the complex structures of the underlying space(time). 

An investigation of the supersymmetry projections of a fundamental string 
ending on the D-8-brane reveals that the effective theory of the 0-branes has (8,0) 
supersymmetry from the string perspective. The moduli metric of the 0-brane 
solitons of the D-8-brane is 



It has been shown in [8] that this metric admits an octonionic-Kahler structure 
with torsion (OKT). Therefore, the associated effective theory is based on the N=8b 
one-dimensional sigma model supersymmetry multiplet. The rest of the effective 
action including the fermion couplings depends on the choice of complex structures 
associated with the N=8b multiplet. A similar argument to the one used for the 
previous case leads to a choice of constant complex structures on E associated 
with a basis in Cliff (E 8 ) equipped with the negative definite inner product. Then 




A; 



k 



(3.4) 
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the rest of the couplings of the effective theory are uniquely determined from the 
metric (3.4). However unlike the one- dimensional N=8a supersymmetric multiplet, 
the N=8b one does not have a two- or higher-dimensional origin. It is worth 
mentioning that in [20] (see also references within) the motion of a D-0-brane 
along directions transverse to a D-8-brane has been investigated leading again to 
a one-dimensional effective theory with eight supercharges. 

The relation between the geometry of the moduli space of the 0-brane solitons of 
D-p-branes for 4 < p < 8 and the supersymmetry of the associated effective action 
can be investigated as for p = 4, 8. It turns out that one can find supersymmetric 
one-dimensional sigma model actions with eight supercharges and with a kinetic 
term for the bosons determined by the moduli metric [26]. The effective action of 
the 0-brane solitons of the D-3-brane can be determined in a similar way. However 
(p, g)-strings ((p, q) are coprime integers) can also end on the D-3-brane. The 
boundary then is a 0-brane which carries a (p,q)-dyon charge. Such 0-brane dyons 
should be solutions of the SL(2, Z) invariant worldvolume action of the D-3-brane 
found in [21]. 



4. The moduli metric of the self-dual string 

The solution of the self-dual string soliton of the M-5-brane has been given in 
[22]. Let Y be a transverse scalar of the M-5-brane and F3 be a self-dual 3-form. 
Then the solution is 

Y = H 

(4.1) 

Fs = h + */ 3 

where 

/ 3 = -dt A dp A dH , (4.2) 

p is the spatial worldvolume self-dual string direction and if is a harmonic function 
in E 4 spanned by the worldvolume directions of the M-5-brane transverse to the 
self-dual string. The Hodge dual is taken by the flat metric on E*- 1 ' 5 **. This solution 
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is invariant under the action of the Poincare group on the worldvolume coordinates 
(t, p) of the self-dual string soliton. In particular £ = d/dp leaves the solution 
invariant. 

From the bulk perspective, the self-dual string is the boundary of a M-2-brane 
ending on an M-5-brane. Compactifying this configuration along the self-dual 
string worldvolume direction p to ten-dimensions leads to a configuration with the 
interpretation of a IIA fundamental string ending on a D-4-brane. The M-5-brane 
field equations wrapped along a worldvolume direction reduce to those of the D-4- 
brane. Moreover we have verified that the self-dual string soliton of the M-5-brane 
reduces along the direction p to that of the 0-brane of the D-4-brane. Therefore we 
conclude from this that the metric on the moduli space of self-dual string solitons 
is the same as that of the moduli space of 0-brane solitons of D-4-branes found in 
section 2. 

The effective theory of the self-dual string is described by a two-dimensional 
(4,4)-supersymmetric sigma model. One can easily see this by examining the su- 
persymmetry projections of the associated bulk configuration. The same point has 
also been argued in [23]. The effective action of the self-dual string is determined 
by lifting to two dimensions the effective action of the 0-branes of the D-4-brane. 
This is consistent because, as we have mentioned in the previous section, the N=8a 
one-dimensional supersymmetry multiplet is the reduction of the two-dimensional 
(4,4)-supersymmetric one. Choosing the complex structures to be constant as in 
the 0-brane effective action, we find that the effective action of the self-dual string, 
apart from the kinetic term associated with the metric (3.1), has a Wess-Zumino 
term b. This term is given by 

c = --i/dw/ (4.3) 

where c = db, I is one of the complex structures and uj is the associated Kahler 
form with respect to the metric (3.1). This term is not present in the effective 
action of the 0-branes because it vanishes upon reduction to one dimension. We 
remark though that the fermion couplings of the one- dimensional effective action 
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depend on c [9]. The coefficient of the Wess-Zumino term is quantized. To see this 
in the case of the moduli space of two self-dual string solitons, we observe that the 
topology of the space is M.\ = M 4 x R + x S* 3 and that the Wess-Zumino term in 
the volume of S* 3 . 

5. Concluding Remarks 

We have found the moduli metrics of the 0-brane solitons of the D-p-branes 
and the self-dual string soliton of the M-5-brane. In particular the moduli space 
of the 0-brane solitons of the D-4-brane and the moduli space of the self-dual 
string soliton of the M-5-brane are HKT manifolds. Then we have investigated 
their effective actions and we have found that they are described by one-and two- 
dimensional supersymmetric sigma models with eight supersymmetries. Fixing the 
complex structures associated with the sigma model supersymmetry multiplets, the 
effective actions are determined uniquely from the moduli metric. 

There are other worldvolume solutions such as the 2-branes solitons of the IIB 
NS-5-brane and the IIB D-5-brane. The moduli spaces of these two solitons should 
be the same because they are related by S-duality. The associated effective theory 
of these two solitons is a 3-dimensional sigma model with eight supercharges (after 
possibly dualizing vector multiplets to scalar ones). Then supersymmetry requires 
that the target space of the sigma model, and so the moduli space, is a hyper- 
Kahler manifold [24]. Another worldvolume solution is the 0-brane soliton of the 
IIB NS-5-brane. This is related to the 0-brane soliton of the IIB D-5-brane by 
S-duality. Therefore it is expected that the moduli space of the 0-brane soliton of 
IIB NS-5-brane is the same as that of the 0-brane of the IIB D-5-brane. 

Another class of worldvolume solitons is that of the KK-monopoles [25]. How- 
ever, these solitons are related by T-duality to those of the IIA and IIB NS-5-branes, 
and it is expected that their moduli spaces can be determined from those of the 
worldvolume solitons of the IIA and IIB NS-5-branes. 
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